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Recently, a Lagrangian description of superﬂuids attracted some interest from the ﬂuid/gravity-corre-
spondence viewpoint. In this respect, the work of Dubovksy et al. has proposed a new ﬁeld theoretical
description of ﬂuids, which has several interesting aspects. On another side, we have recently pro-
vided a supersymmetric extension of the original works. In the analysis of the Lagrangian structures
a new invariant appeared which, although related to known invariants, provides, in our opinion, a better
parametrization of the ﬂuid dynamics in order to describe the ﬂuid/superﬂuid phases.
© 2014 The Authors. Published by Elsevier B.V. All rights reserved.Motivated by ﬂuid/gravity correspondence [2–5] and the recent
developments in the ﬁeld theory description of ﬂuids by [6–10],
in [1] we have given a ﬁeld-theoretical description of ﬂuid dy-
namics suitably extended to a supersymmetric framework. The su-
persymmetric formulation was achieved by suitable extension in
superspace of the description of a relativistic non-dissipative ﬂuid
in terms of an effective Lagrangian whose ﬁelds are identiﬁed with
the comoving-coordinates φ I (x) (I = 1, . . . ,d labeling the spatial
indices), as ﬁrst considered in [6].1
In Refs. [7–9] the authors also introduced a further ﬁeld ψ
representing a U(1)-phase related to the presence of a charge.
Assuming that the Lagrangian is invariant under a set of spatial
symmetries and under an internal gauge symmetry acting on ψ
named chemical shift symmetry, they were able to determine two
fundamental invariants, which from the thermodynamical point of
view turn out to be the entropy density s and the chemical poten-
tial μ.
The extension to a supersymmetric framework was naturally
obtained in Ref. [1] by promoting the ﬁelds to superﬁelds so that
each ﬁeld has a fermionic partner. In particular the supersym-
metrization requires the introduction, besides the fermionic coor-
dinates θα(x)2 partners of the φ I (x), an additional fermionic ﬁeld
τ (x) partner of the local coordinate ψ(x) also transforming under
✩ This is an open access article under the CC BY license (http://creativecommons.
org/licenses/by/3.0/). Funded by SCOAP3.
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1 See also [11] for a complete review.
2 Their precise deﬁnition will be speciﬁed in the ﬁnal part of this note.0370-2693/$ – see front matter © 2014 The Authors. Published by Elsevier B.V. All righ
http://dx.doi.org/10.1016/j.physletb.2014.01.013the chemical-shift symmetry. In that way, the basic ingredients of
the Lagrangian description are a set of superﬁelds, invariant under
the same set of symmetries of the bosonic theories, their bosonic
part coinciding with the invariants discussed in the quoted papers,
namely the entropy and the chemical potential.
While in Ref. [1] we were mainly focusing on the supersymmet-
ric extension of the bosonic entropy current, we also discussed the
possibility of considering further new Poincaré invariants Z I out
of the ﬁelds ∂μφ I and ∂μψ , namely Z I ≡ ∂μφ I∂μψ , which could
be useful, together with the other invariants, to describe in a more
natural way the dynamics of a ﬂuid in some particular conditions,
such as, for example, the superﬂuid phase transition. While the Z I
are not invariant under the chemical shift symmetry, a particular
combination of the Z I with the other Poincaré invariants is actu-
ally invariant under chemical-shift symmetry and its introduction
also provides a natural understanding of the kinetic term of ψ .
It actually coincides with y2 = uμuν∂μψ∂νψ , uμ being the ﬂuid
four-velocity.
In this Letter we want to substantiate the observation given in
Ref. [1] by explaining why the introduction of the invariants Z I
can describe a superﬂuid as a spontaneous broken phase of a ﬁeld
theory invariant under chemical shift symmetry.
In the following, we ﬁrst give a short review of the Lagrangian
formalism for ﬂuid mechanics as presented in [8,9], paying partic-
ular attention to the chemical shift symmetry and to the derivation
of the energy–momentum tensor. Then we discuss the properties
of the new Poincaré invariants Z I , presented at the bosonic level
in [1], further extending them to a supersymmetric setting. In the
application to the superﬂuid we show how they provide a betterts reserved.
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variants would be also useful for the quantum extension of the
theoretical description of ﬂuids along the lines of [14]. Finally we
give the extension of the supersymmetric approach to the ﬂuid dy-
namics given in [1] using the new variables Z I .
The ﬁeld-theory Lagrangian approach to ﬂuid dynamics was de-
veloped in Refs. [6–9]. It is based on the use of the comoving
coordinates of the ﬂuid as fundamental ﬁelds. We will adopt the
same notations as [8].
Working, for the sake of generality, in d + 1 space–time di-
mensions, one introduces d scalar ﬁelds φ I (xI , t), I = 1, . . . ,d, as
Lagrangian comoving coordinates of a ﬂuid element at a point xI
and time t , such that a background is described by φ I = xI and
requires, in the absence of gravitation, the following symmetries:
δφ I = aI (aI = const.), (1)
φ I → O IJφ J
(
O IJ
 SO(d)
)
, (2)
φ I → ξ I (φ), det(∂ξ I/∂φ J )= 1. (3)
The following current respects the symmetries (1)–(3):
Jμ = 1
d!

μ,ν1,...,νd
I1,...,Id∂ν1φ
I1 . . . ∂νdφ
Id , (4)
and enjoys the important property that its projection along the
comoving coordinates does not change:
Jμ∂μφ
I = 0. (5)
This is equivalent to saying that the spatial d-form current J (d) =
−d+1 J (1) , where
J (1) = 1
d!
μν1...νd
I1...Id∂
ν1φ I1 . . . ∂νdφ Id dxμ
= (−1)d d+1
(
1
d!
I1...Id dφ
I1 ∧ · · · ∧ dφ Id
)
, (6)
is closed identically, that is it is an exact form. Hence it is natural
to deﬁne the ﬂuid four-velocity as aligned with Jμ:
Jμ = buμ → b =√− Jμ Jμ =
√
det
(
B I J
)
, (7)
where B I J ≡ ∂μφ I∂μφ J . From a physical point of view, the prop-
erty of Jμ to be identically closed identiﬁes it with the entropy
current of the perfect ﬂuid in the absence of dissipative effects, so
that b = s, s being the entropy density.
If there is a conserved charge (particle number, electric charge
etc.), one introduces a new ﬁeld ψ(xI , t) which is a phase, that is
it transforms under U(1) as follows
ψ → ψ + c (c = const.). (8)
Moreover, if the charge ﬂows with the ﬂuid, charge conservation
is obeyed separately by each volume element. This means that
the charge conservation is not affected by an arbitrary comoving
position-dependent transformation
ψ → ψ + f (φ I), (9)
f being an arbitrary function. This extra symmetry requirement
on the Lagrangian is dubbed chemical-shift symmetry. Using the en-
tropy current Jμ one ﬁnds that, by virtue of Eq. (5), the quantity
Jμ∂μψ is invariant under (9).
3 See [12,13] for a review on superﬂuids in the context of holography and
ﬂuid/gravity correspondence.From these premises the authors of [8] constructed the low en-
ergy Lagrangian respecting the above symmetries. To lowest order
in a derivative expansion the Lagrangian will depend on the ﬁrst
derivatives of the ﬁelds through invariants respecting the symme-
tries (1)–(3), (8):
L= L(∂φ I , ∂ψ). (10)
In principle, there are two such invariants constructed out of Jμ
and ∂μψ , namely b and Jμ∂μψ , so that the (Poincaré invariant)
action functional can be written as follows:
S =
∫
dd+1x F (b, y), (11)
where y is
y = uμ∂μψ = J
μ∂μψ
b
. (12)
By coupling (11) to a gravity background, one can obtain the
energy–momentum tensor by taking, as usual, the variation of S
with respect to a background (inverse) metric gμν :
Tμν = (yF y − bFb)uμuν + ημν(F − bFb). (13)
On the other hand, from classical ﬂuid dynamics, we also have
Tμν = (p + ρ)uμuν + ημν p, (14)
from which we identify the pressure and density
ρ = yF y − F ≡ yn − F , p = F − bFb. (15)
Comparing the two expressions of the energy–momentum tensor
one can derive the relations between the thermodynamical func-
tions and the ﬁeld-theoretical quantities (see [8] for a complete
review). In particular, it turns out that the quantity y deﬁned in
Eq. (12) coincides with the chemical potential μ. We conclude that
the Lagrangian density of a perfect ﬂuid is a function of s and μ
F = F (s,μ). (16)
The results presented here can be straightforwardly generalized
to the supersymmetric case, where the comoving coordinates φ I
and phase ψ are extended to superﬁelds. This was given in [1].
The Lagrangian (16) used above depends on the two Poincaré-
invariant variables b and y, but at ﬁrst sight it does not seem to
allow for the presence of a kinetic term for the dynamical ﬁeld ψ ,
namely X = ∂μψ∂μψ . This term respects the translational invari-
ance (8), and was actually considered in [9], but fails to satisfy the
chemical-shift symmetry (9). However, as we are going to see, the
kinetic term for ψ is in fact included in y2.
To show this, let us observe that the Poincaré invariants one
can build from the ﬁelds ∂μφ I and ∂μψ are given by B I J , y, X
together with the variables Z I ≡ ∂μψ∂μφ I . Under chemical-shift
symmetry they transform as
δB I J = 0,
δX = 2∂I f Z I ,
δy = 0,
δZ I = ∂ J f B I J . (17)
We note that B I J and y are invariant under the chemical-shift
symmetry, while the other two quantities X and Z I are not. How-
ever we can construct out of them a new invariant I(B, X, Z):
I(B, X, Z) = X − Z I Z J (B−1) , (18)I J
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new invariant (18) actually coincides with −y2, since
I(B, X, Z) = ∂μψ∂νψ
(
ημν − ∂μφ I∂νφ J B−1I J
)
= ∂μψ∂νψ
(−uμuν)= −y2 (19)
by virtue of the identity (see for example [8,9])
∂μφ
I∂νφ
J B−1I J = ημν + uμuν . (20)
In terms of X , Z , B a Poincaré invariant Lagrangian, enjoying
the symmetries (1)–(3) and (8), and generalizing (16), can be
constructed. It should be an SO(d)-invariant functional of the
ﬁelds B I J , X , Z I :
S =
∫
F(B, X, Z)dd+1x. (21)
As we shall see in the sequel, a Lagrangian of this kind is useful to
describe physical situations where the chemical-shift symmetry is
spontaneously broken, and a particular instance of it was consid-
ered, for example, in [9] to describe a superﬂuid at T = 0.
The restricted form F (b, y) is however required in all the cases
where the chemical-shift invariance of the Lagrangian is expected.
In this case, the ﬁelds X , Z I can only appear in the invariant
combination (18), and one recovers the standard form of the La-
grangian F (b, y). We will discuss a possible application of this
extended formalism below, when we consider the case of the su-
perﬂuid phase transition, where the chemical-shift symmetry is
spontaneously broken, together with its constant part (8).
Let us develop the dynamics deriving from the action prin-
ciple (21). The variation of the Poincaré-invariant ﬁelds under
a generic variation of φ I and of ψ are
δB I J = −2dφ I ∧ dδφ J ,
δX = −2dψ ∧ dδψ,
δZ I = −dδψ ∧ dφ I − dψ ∧ dδφ I .
The variation of y can be given in terms of the variation of B I J ,
X , Z I . The following equations of motion are obtained:
d  J (1)I = d
[
2FB I J dφ J +FZ I dψ
]= 0, (22)
d  j(1) = d[2FX dψ +FZ I dφ I]= 0, (23)
where FB I J = ∂F/∂B I J , FX = ∂F/∂ X , FZ I = ∂F/∂ Z I and we
have introduced the two currents:
J (1)I = 2FB I J dφ J +FZ I dψ, (24)
j(1) = 2FX dψ +FZ I dφ I . (25)
It is straightforward to verify that the above quantities are the
Noether currents associated with the constant translational sym-
metries φ I → φ I + cI and ψ → ψ + c.
It is interesting to write down the energy momentum ten-
sor for the generalized Lagrangian F [B, X, Z ]. The new energy–
momentum tensor T˜μν is now
T˜μν = ημνF − 2
(
∂F
∂ X
ΩμΩν + ∂F
∂ Z I
ΩμΠ
I
ν +
∂F
∂B I J
Π IμΠ
J
ν
)
.
(26)
To recover a Lagrangian enjoying invariance under chemical-shift
symmetry
F[B, X, Z ] = F [s, y], (27)one has to consider the case where the ﬁelds B I J , X and Z I
only appear in the invariant combinations (19) and b2 = det(B).
Consequently, the corresponding energy–momentum tensor is re-
trieved from (26) by using the relations y = y(B, X, Z) and s = b =√
det(B I J ).
As already emphasized, the generalized Lagrangian F can be
useful for describing ﬂuid dynamics. One possible application can
be found in the description of the 2-ﬂuid model for superﬂuidity,
in the same spirit as the approach in [9]. Let us recall few well
known properties of the Helium superﬂuid phase transition:
• Above the critical temperature TC the ﬂuid has a normal be-
havior and is invariant under the chemical-shift symmetry [8].
It is described in terms of the comoving coordinates φ I (x) and
by the U (1)-phase ﬁeld ψ(x).
On the other hand, below the critical temperature the chemi-
cal-shift symmetry is spontaneously broken, giving rise to the
superﬂuid. In particular, at T = 0, the superﬂuid is completely
described in terms of ψ .
• One can consider, following [9], an isotropic and homogeneous
background where
ψ = y0t, φ I = b1/30 xI . (28)
It corresponds to taking a conﬁguration where the ﬁelds φ I
are comoving with the normal ﬂuid part (which is at rest
in this background), the superﬂuid ﬁeld ψ being in relative
motion with respect to it. Note that the loss of interactions
between the two ﬂuids is expressed by the property that
Z I = ∂μψ∂μφ I = 0 in the background.
• Small perturbations about the background (28):
ψ = y0
(
t + π0(x)), φ I = b1/30 (xI + π I (x)) (29)
introduce a small interaction term Z I = 0. Note that the quan-
tity B−1I J Z I Z J = 
 stays small in this regime, even if φ I → 0 as
T → 0.
Given these considerations, we can make use of the relation (18)
to observe that at very low temperatures the quantity
y2 = −X + B−1I J Z I Z J = −X + 
 (30)
approaches the value −X , which is not invariant under the chem-
ical-shift symmetry. In this regime the Lagrangian F (b, y) can be
expanded in powers of 
 around the background, neglecting con-
tributions O(
k), for a ﬁnite k. The effective Lagrangian at low
temperatures, which is no longer invariant under chemical-shift
symmetry, becomes then of the kind F [X, Z I , B I J ], and reduces
to F [X] for T → 0.
Let us ﬁnally observe that above the critical temperature the
theory is still described by the Poincaré invariant ﬁelds X , B I J , Z I
including the kinetic terms of φ I and ψ which, however, only ap-
pear in the chemical-shift invariant combinations b, y since Z I is
not small anymore, so that the form F (s, y) of the Lagrangian is
recovered at T > TC . In the quantum regime, as in [14], the ex-
pansion around the background by using the new invariant might
lead to a natural reorganization of the perturbation theory.
In the rest of this Letter we give the supersymmetric extension
of this model, following the approach developed in [1]. We use
the same formalism and notations as given in Ref. [1]. A basis of
1-superforms in a general rigid (d + 1|m)-superspace can be given
in terms of the supervielbein {Πa,Ψ α} by:
Πa = dφa + i θ¯Γ a dθ, Ψ α = dθα, (31)
2
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bosonic and fermionic directions of superspace respectively. Here
Γ a are the Clifford algebra Γ -matrices in (d + 1)-dimensions,
while θ , and dθ denote the matrix form of the Majorana spinors in
the m = 2[(d+1)/2]-dimensional spinor representation of SO(d,1).4
In particular θ¯ ≡ θ †Γ 0 = θ T C , C = (Cαβ) being the charge-
conjugation matrix. The space-like ﬁelds φ I (x, t) can be taken as
the comoving coordinate ﬁelds of the bosonic theory, while the
spinors θα(x, t) are the fermionic coordinates of superspace and
we added a time-like bosonic ﬁeld φ0 to complete the superspace
(see also [11]).
Together with the supersymmetric extension of dφ I we also in-
troduce a 1-form Ω , representing the supersymmetric extension of
the chemical shift ﬁeld-strength dψ :
Ω = dψ + iτ¯ dθ, (32)
τ being a new Majorana spinor.
The supersymmetry transformations of the fundamental ﬁeld φa
and of the supervielbein Πa (supersymmetric extension of ∂μφ I )
are
δ
φ
a = i
2

¯Γ aθ, δ
θ = 
, (33)
δ
Π
a = i
¯Γ a dθ, δ
ψ = d
 = 0, (34)
where 
 is the constant spinorial parameter of supersymmetry.
One further assumes that the phase ψ(x) and its supersym-
metric partner τ (x) are invariant under the rigid supersymmetry
generated by the Killing vector of supersymmetry 
 . We may, how-
ever, extend the chemical shift “internal” symmetry to superspace
performing the following superdiffeomorphism on ψ :
δψ = f (φ, θ) (35)
with f (φ, θ) arbitrary superﬁeld. Assuming δτα = Dα f (x, θ),
where
Dα = ∂
∂θα
+ i
2
θ¯ βΓ Iβα
∂
∂φ I
the 1-form Ω acquires the following chemical shift transformation:
δΩ = ∂ f
∂φ I
Π I . (36)
In terms of the above variables, we can build the follow-
ing quantities that generalize the corresponding bosonic Poincaré-
invariant ﬁelds:
B I J = −Π I ∧ Π J = Π IμΠ Jμ dd+1x = Bˆ I J dd+1x,
X = −Ω ∧ Ω = ΩμgμνΩνdd+1x = Xˆ dd+1x,
Y = Ω ∧ Π1 ∧ · · · ∧ Πd
= 1
d!

μν1...νd
 I1...IdΩμΠ
I1
ν1
. . .Π
Id
νd d
d+1x = Yˆ dd+1x,
Z I = −Ω ∧ Π I = ΩμgμνΠ Iν dd+1x = Zˆ I dd+1x. (37)
We denote by the same letter, though with a hat on the top, the
corresponding factor multiplying the volume form dd+1x, for in-
stance Bˆ I J = Π IμgμνΠ Jν . Note in particular that [8]:
bˆ =
√
det Bˆ I J . (38)
4 For Majorana–Weyl spinors, the dimension of the representation is instead m =
2[d/2] .The Poincarè invariant quantities deﬁned in (37) under chemical-
shift symmetry transform as follows
δB I J = 0,
δX = −2Ω ∧  δΩ = −2∂I fΩ ∧ Π I = 2∂I f Z I ,
δY = 0,
δZ I = −δΩ ∧ Π I = −∂ J fΠ J ∧ Π I = ∂ J f B I J , (39)
so that B I J and Y are invariant under the chemical shift symmetry,
while the other two quantities X and Z I are not. The supersym-
metric generalization of the invariant (19) takes now the form
I(Bˆ, Xˆ, Zˆ) = Xˆ − Zˆ I Zˆ J (Bˆ−1)I J . (40)
The new invariant (18) actually coincides with −Yˆ 2/bˆ2. This was
illustrated at the bosonic level in Eq. (19). To show that the bosonic
result extends straightforwardly to the supersymmetric case we
need the relation
Π Iμuˆ
μ = 0, (41)
in terms of the “supervelocity” superﬁeld uˆμ (generalizing (7) to
a supersymmetric setting):
uˆμ = (−)d+1bˆ−1
μμ1...μdΠ1μ1 . . .Πdμd . (42)
The Lagrangian describing the dynamics of the supersymmetric
ﬂuid should then be an SO(d)-invariant functional of the ﬁelds B I J ,
X , Z I :
S =
∫
F(Bˆ, Xˆ, Zˆ)dd+1x, (43)
which is an obvious generalization of the bosonic case.
The variations of the superﬁelds B I J , X , Z I under a generic
variation of the bosonic ﬁelds φ I and ψ are
δB I J = −2Π I ∧ dδφ J ,
δX = −2Ω ∧ dδψ,
δZ I = −dδψ ∧ Π I − Ω ∧ dδφ I , (44)
and the following equations of motion are obtained:
d  J (1)I = d
[
2FB I J Π J +FZ I Ω
]= 0, (45)
d  j(1) = d[2FX Ω +FZ I Π I]= 0, (46)
where FB I J = ∂F/∂ Bˆ I J , FX = ∂F/∂ Xˆ , FZ I = ∂F/∂ Zˆ I and we
have introduced the two currents:
J (1)I = 2FB I J Π J +FZ IΩ, (47)
j(1) = 2FXΩ +FZ IΠ I . (48)
Furthermore, a general variation of the fermionic ﬁelds θ and τ ,
gives
δB I J = −iΠ I ∧ (δθ¯Γ J dθ + θ¯Γ J dδθ),
δX = 2iΩ ∧ (δτ¯ dθ + τ¯ dδθ),
δZ I = i(δτ¯ dθ + τ¯ dδθ) ∧ Π I + i
2
Ω ∧ (δθ¯Γ I dθ + θ¯Γ I dδθ),
(49)
so that the corresponding fermionic equations of motion are
JμΓ I∂μθ + ηC jμ∂μτ = 0, (50)I
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and depends on the property of the charge conjugation matrix in
(d + 1)-dimensions.
Finally we perform a supersymmetry transformations of the
ﬁelds B I J , X , Z I using Eqs. (33) and (34) (note that the variable X
is invariant under supersymmetry). We obtain
δ
 S = (−)d+1
∫
∗( J (1)I )∧ i
¯Γ I dθ, (51)
so that by partial integration we ﬁnd
δ
 S = −
∫ (
d∗ J (1)I
)
i
¯Γ Iθ (52)
and by virtue of the equation of motion (45) we conclude
δ
 S = 0, (53)
that is the action is invariant under supersymmetry.
The link between the above relations and the ﬁeld equations
given in [1] is easily retrieved by recalling that Yˆ = Yˆ ( Xˆ, Zˆ , Bˆ)
through the relation (40) and bˆ =
√
det(Bˆ I J ).
For completeness, we also give the general expression of the
supercurrent:
j S = J IΓ Iθ + ηC jτ . (54)
The present formalism can provide a framework for studying
supergravity/supersymmetric ﬂuid correspondence along the lines
of [2]. In particular, it might provide the natural ground for study-
ing the dissipative effects as in [15–17] and a systematically com-
putation of entropy current corrections [18–20].
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